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1.  INTRODUCTION 


In  a  plastically  designed  structure,  a  member  roust  undergo 
large  inelastic  rotations  within  the  region  of  a  "plastic 
hinge "  so  that  moments  may  be  redistributed  to  develop  the 
full  strength  of  the  structure.  To  achieve  these  large  rota¬ 
tions  ,  provisions  must  be  made  to  prevent  the  member  from 
tailing  prematurely  due  to  various  types  of  instability.  One 
9uch  important  type  of  instability  is  lateral -torsional  buckling. 

Lateral -toi sional  buckling  may  be  prevented  by  suitable 
lateral  bracing.  The  ultimate  object  of  the  study  of  lateral - 
buckling  is  to  determine  the  required  stiffness  of  this  bracing 
find  to  find  the  most  economical  method  of  design  for  the  braces. 

The  various  phenomena  related  to  beams  which  fall  by 
la teral-torslonal  buckling  are  illustrated  in  Fig.  1.  A  sinply 
aupport^d  b nan*  of  narrow  rectangular  cross  section  is  leaded 
about  its  strong  axis  by  a  concentrated  load  P.  If  it  is 
assumed  that  the  member  contains  no  initial  inperfec tion ,  the 
lo-ad  vs.  lateral  deflection  relationship  will  follow  the 

*\  siraply  supported  end  Is  defined  as  the  following:  The 
''ending  moment*  in  the  two  principal  directions  are  sero: 
tw-lsting  about  the  ) ongifudinal  axis  is  prevented.  This 
definition  is  used  throughout. 
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vertica.  axis  fro^  po^r.t  "0"  tc  poi-'t;  "A".  Ar.  this  stage 
the  member  has  neither  lateral  deflection  nor  twisting;  how¬ 
ever  it  may  De  yielded  in  certain  portions  due  to  transverse 
bending.  Point  "A"  is  known,  as  the  point  of  bifurcation  of 
equilibrium.  Just  as  in  an  axial lv  loaded  straight  column, 
such  a  bifurcation  point  is  considered  to  be  a  criterion  of 
J notability  The  member  may  buckle  at  point  A  or  at  point  B 
depending  on  whetner  fiber  unloading  is  prohibited  (tangent 
modulus  concept)  or  whether  it  is  permitted  (reduced  modulus 

concept).  These  two  loads  represent  tne  lower  and  the  upper 

(69) 

ILrnits  of  tne  carrying  capacity  of  the  member.  The  true 
maximum  load?-  that  the  member  can  support  (point  C)  lies 
somewhere  betveer  these  two  limits 

The  tangent  noduius  and  reduced  modulus  soluciora  are 
so-called  characteristic  value  type  solutions.  ("Eigen  value" 
type  solution).  Since  by  the  very  nature  cf  these  two  solu¬ 
tions  the  de£  laedenaat  the  bifurcation  point  ire  indeterminate, 
they  are  not  suitable  for  the  determinat ion  cf  the  bracing 
force*.  Point  C  In  fig.  I  i«  the  ultinat*  ettergth  of  the 
beam,  with  regard  to  lateral  buckling  in  this  case  lateral 
force*  and  tvl«ting  develop  due  to  lateral  ani 

raj§erd~tc  raf«r«f  SucVflni|7  iW  v It li*t*  atrmgth  l*” 

a  pcst-Wcelirt 
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torsional  deformations  of  the  member.  The  deflection  at  the 
ends  of  a  member  or  at  the  lateral  supports  are  dependent  on 
che  stiffness  of  the  bracing  It  is  believed  that  an  analytical 
solution  to  the  bracing  stiffness  may  be  achieved  by  considering 
the  lateral  and  the  torsional  deformations  at  the  supports. 

%  This  literature  survey  is  limited  to  a  general  survey 
whu  existing  solutions  to  the  problem  of  lateral  buckling 
of  metal  structures,  with  the  ,T'Dhapls  on  the  following  three 
points . 

(1)  An  extensive  list  of  references  including  thoee  that 
may  be  helpful  for  the  lateral  bracing  problem. 

(2)  Description  of  several  important  papers  particularly 
concerned  with  inelastic  solutions. 

(3)  A  general  historical  sketch  of  the  problem  of  lateral 
instability.  Suggestions  are  made  for  possible  ways 
of  extending  krowledge  in  the  field  of  plastic  design. 
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2.  A  HISTORICAL  SKETCH  OF  LATERAL  BCCKLING  THEORY 

Lateral  stability  is  * rv  important  criterion  in  the  design 

n )  (2) 

of  metal  structures.  Prandtl^  and  Michell  simultaneously 
published  a  rigorous  theoretical  analysis  of  lateral  stability 
i_n  1899.  Since  then  research  in  this  field  has  been  performed 
h»y  *nany  investigators.  Notably,  the  basic  general  differential 
erquations  were  derived  by  Timoshenko  (Refs.  3,  7,  33),  Goodier 
CRets.  22,  z5,  28,  64),  Wagner  (Refs.  II,  12),  and  Kappus 
CRef.  13).  Johnston  (Refs.  9,  21,  27),  Horne  (Refs.  41,  47, 

77,  92,  93),  Winter  (Refs.  29,  33,  38,  42,  83,  83,  101), 

SaWadori  (Refs.  62,  bb,  82,  87),  Nylander  (Refs.  31,  43,  94), 
petcersson  (Refs.  44,  67),  Flint  (Refs,  46,  53,  54,  65,  74,  89), 
Hill  (Refs.  13,  20,  26,  32,  56,  58,  76,  112  )  and  Clark 

CPcfs.  56,  58,  86,  99,  106,  112  )  have  extensively  developed 
tr.c  theory  for  many  loading  cases,  both  theoretically  and 
xperirrental ly ,  Thurliirann  has  clearly  presented  the  physical 
oicture  of  the  relationship  between  losd  and  deformation  as 
w«  1 1  as  oa thematic a 1  derivations  of  the  problem  of  lateral- 
oraional  buckling  in  Ref.  114.*  Blelch  has  summarised  snd 
-resented ,  in  detail,  a  general  introduction  to  this  problem 
in  his  book.^^" 

The  above  mentioned  authors,  as  well  as  other  invest  iga- 
*3  have  mostly  restricted  thecteelve*  to  an  elastic  material . 
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In  other  words,  the  proportional  limit  of  a  stress ■"■strain 
relationship  is  considered  to  be  the  upper  limit  for  critical 
stress.*  This  assumption  permits  elegant  mathematical  solu¬ 
tions,  but  they  are  limited  to  such  structures  where  inelastic 
behavior  of  the  material  would  not  occur.  When  yielding  of 
the  material  commences,  the  stress -strain  relationship  no 
longer  obevs  Hooke’s  Law,  and  an  exact  solution  is  usually 
Impossible . 

In  recent  years,  pi' •tic  design  of  structures  has  been 
extensively  developed.  For  certain  types  of  structures,  great 
saving  in  material  and  design  time  can  be  achieved  bv  plastic 
design.  Since  plastic  design  requires  the  structure  to  under¬ 
go  rather  severe  inelastic  deformations  before  falling  occurs, 
the  problem  of  lateral  stability  must  be  investigated  lather 
critically  for  these  structures. 

Inelastic  lateral  buckling  solutions  have  been  attempted 

(45) 

by  only  a  lew  investigators.  Neal  was  die  first  to  present 
in  Inelastic  solution  for  a  beam  of  rectangular  cross  section 
subjected  to  unifem  raorent .  This  material  was  a  structural- 
gtadc  steel  poseswing  an  ideal  elastic-plastic  stress-strain 

curve.  Neal  discussed  the  effect  of  yielding  on  the  lateral 

•  assumption  is  based  on  ~tn«~~nypos« sis  "that  there  are  no 
residual  stresses  or  initial  deformations  contained  in  the  structure. 
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buckling  rigiditv  and  initial  torsional  rigidity  of  the  yielded 

beam.  His  solution  was  obtained  by  means  of  a  step-by-step 

calculation  procedure,  Horne (**7,92)  extended  Neal's  work  to 

the  case  of  I-beams,  indicated  an  outline  of  a  solution,  and 

presented  charts  for  critical  buckling  lengths  of  two  particular 

(68) 

loading  cases .  Witrrick  has  solved  the  problem  of  a  beam 
of  rectangular  cress  section  made  out  of  material  having  a 
monotonlcally  increasing  stress-strain  diagram.  Tne  difference 
between  Wittrick's  solution  and  Neal's  solution  Is  that  the 


former  has  used  tne  tangent  modulus  concept,  wmle  tne  latter 

(63) 

has  adopted  the  reduced  modulus  idea.  AgnbabLan  and  Popov  , 
as  well  as  Barrett  have  studied  inelastic  biaxial  bending 

ol  beams  with  rectangular  cross-section;  Holland,  Egger,  Mayerjak 


and  Munz 


(80) 


nave  also  studied  Inelastic  general  bending  of 


I -sections  neglecting  twe  effect  of  warping.  The  latter  three 
*'ow‘*ver,  do  not  concern  themselves  with  lateral  buck¬ 
ling,  but  ratner  with  studies  of  inelastic  moment -curvature 

(91) 

relationships.  In  19b6,  Unite  obtained  an  inelastic 


solution  for  I-sections  subjected  to  a  non-uniform  moment 
gradient  using  the  finite  difference  method.  He  assumed  tnac 
tne  material  is  elthei  elastic  or  strain-hardened.  The  value 


of  White's  work  is  that  it  forms  a  basis  for  the  determination 
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ot  the  distance  between  lateral  braces  in  the  vicinity  of  a 
plastic  ninge.  White's  solution  was  further  modified  on  the 
basis  of  experimental  results,  and  a  simple  design  procedure 

for  the  lateral  support  spacing  was  presented  by  Kusuda, 

„  (K6) 

Sarubbi  and  Thurllmann  .  Inis  recommendation  has  been 

(It  8 )  (1C6) 

adopted  as  a  design  rule  by  the  AISC.  In  this  study 

the  restraining  influence  of  adjacent  members  on  the  critical 
span  was  analyzed,  treating  tne  system  as  a  continuous  beam, 
and  the  necessary  correction  factor  for  the  restraining  in¬ 
fluence  was  proposed.  Experimental  results  in  this  study 

indicated  that  White's  solution  was  conservative.  In  a  recent 

(1C9) 

dissertation,  Galambos  has  obtained  an  inelastic  lateral- 

torsional  buckling  solution  of  WF  beam-columns .  He  considered 
the  effect  of  residual  stresses  and  used  the  tangent  modulus 
concept.  Critical  moment  versus  length  curves  for  important 
V’F  shapes  were  obtained  by  numerical  calculations  and  the 
theory  showed  very  close  agreement  with  test  results. 


I 
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J.  EVALUATION  OF  THE  PRESENT  STATE  OF 
KNOWLEDGE  AND  FUTURE  RESEARCH  TRENDS 

The  preceeding  section  represents  a  brief  History  of  the 

problem  of  lateral  instability.  It  should  be  noted  that  all 

the  inelastic  solutions  mentioned  above  were  "Eigenvalue" 

solutions.  In  other  words,  solutions  correspond  to  the  first 

lateral  and/or  torsional  movement  of  the  member  ^point  A  or  B 

Fig.  1)  Therefore  tne  bracing  length  is  only  determined 

in  terms  of  loading.  It  cannot  yield  any  information  aoout 

how  to  proportion  uhe  bracing.  In  almost  every  known  solution 

the  bracing  points  are  assumed  to  De  either  simple  supports 

(88) 

or  iixed-end  supports  Studies  by  Zuk  indicate  that  in 
elastic  analysis  the  magnitude  of  bracing  force  is  negligibly 
small,  and  chat  the  present  day  elastic  design  value  of  the 
bracing  force  as  27.  of  the  applied  load  is  sufficient.  It  is 
believed  chat,  according  to  the  inelastic  bifurcation  analysis 
we  orating  icrce  can  not  be  determined  because  of  the  nature 
of  chi 8  method  of  approach, 

At  cne  ultimate  load  large  deflections  develop  and  the 
vagnitude  of  the  bracing  force  and  the  required  stiffness 
necessary  to  nold  a  member  in  its  laterally  undetorroed  position 
up  to  this  stage  is  of  practical  importance  in  plastic  design. 
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It  is  expected  tnat  tne  required  bracing  torce  would  be  no 
longer  negligibly  small .  Research  at  Fritz  Laboratory  on 
plastically  designed  gable  frames  and  welded  corner 

connections^1  ^  snow  that  adequate  lateral  supports  are 
definitely  necessary  for  a  structure  to  undergo  large  rota¬ 
tion?  and  to  develop  Its  ultimate  strength 

Future  research  about  inelastic  lateral  buckling  should 
be  carried  out  along  the  following  path: 

(1)  To  obtain  "Eigenvalue"  solutions  for  as-rolled  WF 

sections  based  on  the  reduced  modulus  approach  in  order 

(91 ) 

to  compare  with  the  tangent  modulus  solution.  1  Tne 
former  snould  yield  an  upper  bound  as  compared  to  the 
lower  bound  solution  obtained  by  White.  This  first  step 
should  givf*  a  proper  guidance  to  tne  ultimate  strength 
solution . 

(2)  To  obtain  the  maximum  carrying  capacity  of  a  member 
with  regard  to  lateral -torsional  buckling  (point  C  in 
Fig.  1). 

(3)  Appropriate  bracing  systems  should  be  analyzed  in 
order  to  determine  the  required  bracing  stiffness  snd 
bracing  spacing  to  prevent  lateral  buckling  at  the  fulb 
plastic  ultimate  load  of  the  mewber. 
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Table  1  gives  Che  present  status  of  research  and  the 
necessary  fjture  research  for  the  complete  solution  of  the 
piroblera .  Although  in  Appendix  3  known  theoretical  solutions 
arre  summarised  and  tabulated  for  reference,  it  should  be  noted 
tHat  those  solutions  offer  very  little  help  toward  the  determina¬ 
tion  cf  the  ultimate  strength,  neither  in  method  of  approach 
nor  in  their  solution.  Therefore  to  achieve  the  final  purpose 
oE  obtaining  the  appropriate  bracing  requirement,  the  ultimate 
strength  solution  should  be  first  accomplished. 
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4 .  REFERENCES 

A  list  of  references  on  lateral-torsional  buckling  and 
lateral  bracing  requirements  are  given  in  Appendix  C.  They 
are  listed  according  to  tne  sequence  of  tneir  date  of  publica¬ 
tion,  so  that  a  general  idea  of  the  history  of  development  of 
the  particular  pnase  of  tne  science  of  mechanics  may  be  seen. 
The  primary  interest  of  this  study  is  limited  to  the  lateral 
buckling  of  beams,  (known  solutions  are  tabulated  in  Appendix 
B).  However,  owing  to  the  close  similarity  of  the  problem 
witn  a  beam-column,  it  was  decided  to  include  all  solutions 
including  axial  force  in  tnis  list  of  references. 

A  page  of  author's  index  is  given  immediately  after  the 


list  of  reference. 


205H.2 


-12. 


5  OUTLINES  OF  THE  MOST  IMPORTANT  REFERENCES 

In  order  to  avo^d  summarising  ail  the  pertinent  research 
papers,  the  tables  in  Appendix  B  are  prepared.  In  these 
cables  all  Known  tneorecical  solutions  are  listed.  Items 
included  are. 

1)  Beam  and  loading 

2)  Cross  sectional  shape  and  axis  of  loading 

3)  Investigators  and  reference  numbers 

w)  Remarks 

A  few  selected  references  are  described  in  the  present 
section,  since  U  is  believed  tnat  they  mav  furnisn  some  sugge 
Cions  Coward  the  solutions  of  cue  problem  of  the  bracing 


requirements 
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Ref  45  By  B  G.  Neal 

THE  LATERAL  INSTABILITY  OF  VIE1DED  *11D  STEEL 
BEAMS  OF  RECTANGULAR  CROSS  SECT  I  ON 

This  work  was  the  firu  investigation  on  lateral  buckling 
in  Che  inelascic  range*.  7  it  author  ’s  rtthod  of  appreaen  led 
other  investigators  i^.or  t  s  i  e  tic rc-  gei^ral  problems  in 
this  fi.eid.  (For  exa^pJe,  Hort'e  and  G^lambes  .) 

Tne  method  of  solution  is  a  typical  "Eigenvalue'  approach, 
in  which  the  critical  rtn.cnt  ppiied  aKout  the  strong  axis) 
is  expressed  in  ter-rs  of*  r  ‘pan  length,  the  weak  axis  bend¬ 
ing  stiffness,  and  t  h«*  torsif.  ai  s  t  i  f  'vn  at  tne  Instant  when 
lateral -tor sions  1  bin  k  i  g  begins  A  tin‘  «-tage  the  beam  is 
partially  yielded  and  -  J  fleeted  on l v  in  th*  strong  direction 
under  the  applied  load  ’ut  minor  showed  that  the  bending 
stiffness  l.i  the  w  a*  direct. or.  decri  te«  i«  yielding  of  the 
cross  section  ir*.rca*e  He  ilso  pr  vtd  that  t he  torsional 
rigidity  rminv  const  m*  le'or*  lateral  buckling,  even  though 
aooe  portLons  of  the  cross  section  are  yielded  This  theory 
was  later  adopted  bv  o*her  i  \  e«t ie*t Ion?  for  «olving  more 
extensive  probler*  Tne  tieiy*ls  wea  performed  for  rectangular 
end  circular  cross  *ectlor*.  (the  *  ar  pine  tor«ior#l  effect  l* 
negligible  for  rectanjrulsr  cr  *«  section*)  Solutions  w#r« 


205H  2 


-14 

obtained  by  a  *?tep-bv-?top  calculation  procedure,  and  the 
theory  was  checked  experiment  all v  .  Ccori  agreement  was 
b:-f  rvt  1  between,  theory  and  experiment 
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Ref.  47  By  Horne,  M.  R. 

CRITICAL  LOADING  CONDITIONS  IX  ENGINEERING  STRUCTURES 

(CHAPTER  8;  THE  LATERAI  INSTABILITY  OF  I-BEAMS  STRESSED  BEYOND 

THE  F1ASTIC  LIMIT 

This  study  is  an  extension  of  Neal's  paper  to  I-shaped  beams, 
bent  about  tne  strong  axis.  The  author  was  tne  first  who  attempted 
an  inelastic  analysis  foe  WF  section  taking  into  account  the  effect 
of  warping  torsion. 

The  paper  contains  tne  following 

(1)  Horne  determined  tne  ’ ateral  flexural  rigidity  and  the 
differential  flange  rigidity  of  a  partially  yielded  I-section. 
The  torsional  rigidity  is  shown  to  be  uneffected  by  yielding. 

(2)  Two  loading  cases  are  solved  A  simply  supported  beam 
under  uniform  moment,  and  a  simply  supported  beam  under  a 
concentrated  load  acting  at  mid-span. 

(3)  Horne  discusses  tne  effect  of  end  restraints  on  the 
critical  buckling  length  of  a  partially  fixed  bean.  Charts 
are  presented  for  various  end  fixities 

Horne's  colutlon  is  modified  by  practical  considerations,  in 
Chapter  12  of  Ref  92,  where  the  limiting  critical  lengths  of 
rter.dard  British  t  •hp«-M  are  presented  as  a  basis  for 


design 


205H.2 


-lb 


Ref.  b3  By  Agnbabian,  M.  S. 

Popov,  E.  P. 

UNSYMMETR1CA1  BENDING  _0 £_  RECTANGULAR  BEAMS  BEYOND 

THE  ELASTIC  LIMIT 

This  paper  is>  not  concerned  with  lateral  instability.  It 
deals  with  the  general  bending  tneorv  in  which  the  inelastic 
moment -curvature  relutirnsiip  1  i  3  rectangular  cross  section 
is  determined  both  theoretical t  and  experiments  Jly. 

General  expressions  -»re  Stained  for  the  inter-relationship 
between  the  bending  moment  about  the  x-axis,  the  bending  moment 
about  the  y-axis,  and  the  inclination  of  the  neutral  axis  for  a 
rectangular  beam  subjected  t  Kurc  bending  as  yielding  progresses 
from  zero  to  full  piascicitv  Equations  are  given  for  the  special 
cases  of  the  elastic  limit  ni  ror  full  plasticity. 

It  is  shown  tnat  the  neutral  ixis  undergoes  considerable 
rotation  between  its  positior  at  the  start  of  yielding  to  its 
position  when  the  beam  is  fully  plastic.  In  some  cases  this  rota¬ 
tion  of  the  neutral  axis  is  rore  thin  six  degrees  The  autnors 
assumed  that  the  direction  of  the  applied  bending  moment  remains 
the  same. 

A  number  of  experiments  have  been  conducted  and  the  results 
snow  reasonable  correlation  -ith  the  theory 
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It  is  also  shown  that  the  shape  factor  for  oblique  loading 
varies  from  1.5  to  2.0,  thus  indicating  that  for  rectangular 
sections  a  greater  economy  is  obtained  by  the  use  of  the  plastic 
method  of  design. 


2  05H  2 


-ia 

Ref.  68  By  Wittrick,  W.  H. 

LATERAL  INSTABILITY  OF  RECTANGULAR  BEAMS  OF  STRAIN - 
HARDENING  MATERIAL  UNDER  UNIFORM  BENDING 

This  paper  is  an  extension  of  Neal's  work^"^  on  the 
Lateral  stability  of  beams  of  rectangular  cross  section  in 
v/hion  part  of  the  section  yields  before  lateral  buckling  occurs 

Two  mam  differences  between  this  and  Neal's  work  are  as 
f  ollows : 

(1)  Neal  ignores  strain-hardening  of  the  material,  while 
Wittrick  extends  Neal's  study  to  materials  in  which  strain 
hardening  occurs.  He  adopts  e  general  shape  of  a  roonotoni 
ally  increasing  stress-strain  curve  and  generalizes  the 
problem  to  cover  materials  otner  than  mild  steel. 

(2)  Neal's  solution  is  based  on  the  reduced  modulus  con¬ 
cept  and  is  checked  experimentally  with  annealed  specimens 
Wittrick  used  the  tangent  modulus  concept  in  his  solution 
He  did  not  conduct  any  experiments 

The  main  contributions  of  this  paper  are 

(1)  It  is  shown  that  it  makes  very  little  difference  if 
the  upper  yield  point  is  neglected  and  if  only  the  lover 
yield  point  of  the  steel  is  used  in  the  calculations 
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(2)  Neal  has  shown  that,  for  a  yielded  mild  steel  beam 
under  the  action  of  a  uniform  bending  moment  in  the  strong 
direction  the  torsional  rigidity  remains  at  its  elastic 
value  irrespective  of  the  extent  of  yielding.  Tnis  is  also 
verified  experimentally.  Wittrick  extended  this  further 
and  showed  that  Neal's  theory  applies  equally  well  to 
members  of  strain-hardening  material. 


(3)  The  following  statement  is  quoted: 

The  case  of  beams  of  rectangular  section  is  not 
of  great  practical  interest  except  insofar  as  it 
is  a  guide  to  the  expected  behavior  of  other  sec¬ 
tions.  The  problem  of  determining  tne  lateral 
buckling  loads  for  open  sections,  such  as  channels 
and  I-beams,  is  complicated  by  the  warping  of  the 
cross  sections  under  torsion  and  the  consequent 
increase  in  torsional  rigidity  when  the  torsion 
is  non-uniform  (see,  for  example,  TLooshenko * ' ' ) . " 
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Ref.  80  By  Howland,  Eggcr , 

Mayer jak,  and  Mun<s 

STATIC  AND  DYNAMIC  LOAD-DEFLECTION  TESTS 
OF  STEEL  STRUCTURES 

Tnis  paper  contains  four  phases  of  a  study,  namely: 

(1)  Static  Tests  to  Failure  of  Steel  Beam-Columns 

(2)  Model  Studies  of  Frames  Subjected  to  Static  Lateral  Loads 

(3)  Static  Oblique  Loading  Tests  of  Steel  Beam-Columns 

t 

(4 )  Dynamic  Response  of  Beams 

The  third  p^hse  deals  with  the  general  bending  theory  of 
partially  yielded  members  and  is  of  interest  for  tne  problem  of 
lateral  Instability  It  presents  a  method  of  analysis  for  the 
determination  of  tne  load-deflection  and  moment -cur vature  relation¬ 
ships  of  rolled  I  or  WF  sections  in  the  inelastic  range  under 
oblique  load  Tne  very  important  effect  of  cross  bending  (warping 
toraion)  Is  neglected  and  therefore  this  metnod,  as  compared  by 
tne  authors  to  experiments,  is  not  aole  to  correctly  predict 
raowent -curvature  relationships  under  oblique  leading 
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Ref  SI  By  Hecntman,  Styer 

Hattrup,  Tiedemann 

LATERAL  BUCKLING  OF  ROLLED  STEEL  BEAMS 

This  is  a  report  of  an  experimental  investigation  of  the 
lateral  buckling  of  relied  steel  beams.  Thirty-three  simply 
supported  beams  (depth  from  ten  to  eighteen  inches)  ana  twenty- 
one  ten  inen  Deems  with  two  types  of  bolted  semi-rigjd  end  con¬ 
nections  were  tested.  The  purpose  of  this  work  is  to  check 
experimentally  the  theories  and  the  design  rules  used  in  steel 
industry  Recommendations  by  de  Vries and  Winter are 
verified,  and  comparisons  nave  been  made  between  the  test  re¬ 
sults  and  the  AISC  design  formula  as  well  as  the  AASHO  and 
AREA  design  formulas  Factors  of  safety  are  discussed,  and 
reasonably  modified  design  formulas  are  presented. 

The  end  conditions  of  these  tests  are  not  clearly  defined 
in  this  report  It  is  known  that  the  support  conditions  and 
loading  conditions  have  a  uiarkoO  influence  on  the  bulling 
load,  end  it  is  very  difficult  to  design  *  fixture  which 
simulates  the  conditions  that  are  used  in  the  theoretical 
analysis,  particularly  in  prototype  experiments 
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Ref.  91  By  White,  M  W 

THE  LATERAL -TORSIONAL  BUCKLING  OF  YIELDED  STRUCTURAL 

MEMBERS 

This  paper  is  che  only  one  that  presents  a  general  inelastic 
solution  for  WF  beams  Tne  author  assumes  tnat  the  material 
is  either  elastic  or  strain-hardened  and  adopts  the  tangent 
modulus  concept  in  nis  solution.  Under  a  non-un.iform  moment 
gradient,  strain-hardening  of  material  will  commence  from  one 
end  of  the  member;  nence  tne  resistance  of  tne  member  in  tne 
s  train-nardemng  zone  is  different  from  that  in  the  elastic 
region,  the  stiffness  or  each  portion  of  these  two  regions 
are  governed  by  the  elastic  and  stram-nardening  moduli, 
respectively  At  the  juncture  of  these  two  portions  of  the 
beam,  conditions  of  continuity  arc  used.  Solutions  are  ob¬ 
tained  by  finite  difference  procedure  witn  the  calculations 
performed  by  a  digital  computer.  For  the  basic  case  of  a 
simply  supported  beam  of  strain-hardening  material  subjected 
to  a  uniform  moment  vitn  the  twisting  resisted  by  warping 
torsion  only,  it  was  found  tnat  the  slenderness  ratio  of  the 
basic  critical  buckling  length  Is  IB  This  basic  case  was 
than  codified  for  the  effect  of  moment  gradient,  the  extent 
of  strain-hardening,  St  Ven3nt  s  torsional  resistance  and 
conditions  of  end  fixity  Unite  also  present*  a  trlal-and- 
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error  procedure  for  design  of  lateral  bracing. 

Simplifications  of  Waite's  design  procedure  on  an  experi¬ 
mental  basis  were  made  in  Ref .  106.  In  tnis  reference  it  was 
suggested  tnat  the  critical  buckling  length  is 


30  for  1  .0 

48-  30  J*  for  0  .  o 


> 


> 


f  *  0.6 

f  *  -1.0 


where  j*  -  M/M,  is  tne  end  moment  ratio.  A  further  modifica¬ 
tion  incorporating  practical  considerations  was  made  in  Refs. 

108  and  110.  It  was  shown  that  tne  critical  buckling  length 

i  9 

r 

£  33  for  f  >  0.o25 

£  60-40  for  <  0.623 

Thi9  last  equation  has  been  recommended  for  design  in  structural 


steel 
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Ref  109  By  Calarobos,  T  V 

INELASTIC  LATERAL -TORSIONAL.  BUCKLING  OF  ECCENTRICALLY 
LOADED  WID£- FLANGE  COLUMNS 

This  investigation  is  the  first  that  is  concerned  with  in 
elastic  lateral -torsiona 1  hackling,  taking  into  account  the 
effect  of  residual  stresses  in  as-rolled  members.  Curves 
relating  the  coefficients  of  the  lateral -torsional  buckling 
equation  and  any  combination  of  axial  force  and  bending  moment 
are  presented  for  partially  yielded  VTF  sections.  Interaction 
curves  between  the  axial  force,  the  end  bending  moment,  and 
the  slenderness  ratio  are  also  calculated  tor  four  column 
snapes.  (the  8WF31 ,  the  14WF142,  the  14WF240 ,  and  the  27WF94 
shane  > 

a  / 

It  is  found  knat  tne  presence  of  residual  stresses  may 
reduce  considerably  Che  lateral  buckling  strength  of  an 
eccentrically  loaded  column  For  usual  column  length*, 
lateral -torsional  buckling  cakes  place  In  the  elastic  range. 

It  1*  snown  also  tnat  tne  lateral -torsional  buckling  strength 
of  columns  varies  considerably  with  member  size  The  predic¬ 
tion  curves  showed  very  good  agreement  with  existing  experi¬ 
mental  results.  The  author  also  checked  White  s  solution  for 
the  case  of  a  beam  of  uniform  ^onent  with  the  axial  force  of 


the  column  equal  to  rero. 
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6 .  CONCLUSIONS 

As  mentioned  in  Section  3  of  this  report  ,  almost  all 
existing  solutions  offer  very  little  information  toward  the 
determination  of  ultimate  strengtn.  Nevertheless,  tms  survey 
presents  a  brief  history  of  the  problem,  the  present  situation, 
and  possible  future  trends  of  research  about  lateial  instability 
as  well  as  a  list  of  references  ami  a  tabulation  of  all 
theoretical  solutions.  It  is  noped  that  this  report  may 
offer  a  reasonable,  complete  picture  of  the  problem  of  lateral 
buckling  of  metal  structural  members. 

It  is  felt  that,  in  attempting  an  ultimate  strengtn  solu¬ 
tion,  a  method  of  approach,  d efferent  from  those  already  used, 
would  be  necessary.  Research  at  Lenigh  University  is  currently 
continued  along  this  line,  both  theoretically  and  experimentally 
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8  APPENDIX  A 


FIGURES  AND  TABLES 
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Fig.  1  Typical  Load  vs  Lateral  Deflection 


Relationship  for  a  Beaa  Loaded  In  the  Strong  Direction. 
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Table  1  Present  Situation  of  the  Inelastic 
Solution  of  WF  Beac*  <ni  Be  st  Col  •ns  Available  In 


Plaotlc  Dt«ign, 
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9  APPENDIX  B 

Table  ol  Known  Theoretical  Solutions 

Nomenclature 


a,  e 

F 

f 

MT 

*xx 

Myy 

p 

s 

U 

V 

w 

x,  y 


r 


*  Eccentricity  of  loading  position  with  respect  to  "S" 

■  Lateral  bracing  force  at  support 

-  Lateral  bracing  force  per  unit  length 

*  Twisting  nonrent  about  the  longitudinal  axis  of  a  bean 

-  Bending  moment  in  the  weak  direction  of  a  section 

-  Bending  moment  in  the  strong  direction  of  a  section 

-  Concentrated  load 

-  Snear  center  of  a  section 

-  Displacement  in  the  weak  (/-)  direction 

-  Displacement  in  the  strong  ( y- )  direction 

-  Uniformly  distributed  load 

-  Coordinate  axes  in  the  weak  and  the  strong  direction 
respec  tivcly 

-  Ratio  of  end  Tooents 
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LATERAL  BUCKLING  OF  BEAMS 


I.  KNOWN  SOLUTIONS  TO  ELASTIC  CASES 


f 

B 


BEAM  AND  LOADING  SECTION  SOLUTION  BY 


REMARKS 


( 


rrn-n 

i  t  i  i~ 

LLuuj 

l.l.u 

&  0 
I 


Timoshenko  ^ ^ 
Goodier  (2.5) 

Ny lander < 44 ) 
Winter  v  ^ ' 


Diff.  equation 
solution . 


Mxx 


) 


(I 


T  i  II  'I  !  I ,  I  !  |  T-r 


I 


Salvadori 


(87) 


ED 


f  Mxx 


Energy  solution, 
experiment  by 
Clark  *** 7  . 


4T 


Salvador i 


(87) 


Energy  solution, 
experiment  by 
Clark  '**7 . 


* 


M, 


& 


I 


Salvador i 


(87) 


Energy  solution, 
exper^nt  by 


Clark 


C, 


VC 


) 


I 


Salvador i 


(87) 


Energy  solution, 
experiment  by 
Clark  (">. 


A  — 
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KNOWN  S'V:~ZC*$  TO  elast:c  cases 


BE AY  AND  LOA.DI.V.  SECTION 


T 

J. 


IF 

_i_. 


LZ1 


rjlrr^ 

L  I  ll  ^  t 
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I 

c 


-A.  x 
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i  n  1 1 1 f  1 1  n T :  2 1 1  n 
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0 

I 


L 
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SOLUTION  £T 

Ft  M*FrS 

,  <'98 ' 

d-‘  Vr  i.e?  ' 

1  S  c  hr  3.  -d  &  r  ) 

1 

1 

1  _ , 

Pt.i .  9S  finite,  diff. 
rv  th?d.. 

?  “ f .  '  er.crev  solu¬ 
tion  . 

Fef  .  W  ert?y  -oL..-,* 

S  «*  -.-nr  *  ty  Hill^*5' 

|  Filet*46'' 

1  ”1j  :  sh-r^k;  ^  1 
M»r.Lr(48) 

Uir'r-r  -2^> 

l 
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Fll  rr  q 
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'‘Iff.  equation 
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Witter 

St  hr  »  i-  -  ^ 

| 
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F  al  er  Lrc^'.l  by  Winter 
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Hi!  i  'n  C  and  ~L  sec- 
i  Mote. 

- — -  -  -  —  -  - 

T  n  ,  ^90  ) 

Pclfjy 


Finite  difference 
nf  r.hod . 


Tin* sh^r^kc  ^ / 
Knreriflk'*  ' 


Ir.  199)  local  buck- 
ll’iC  of  veh  ,  iaflu- 
tr.  *  of  restraint®  on 
^lability  arc  con*id- 
cre<j  Experiment®  by 
Flirt  ^5  \ 


I 


m) 

Au*  t  ir. 


Solution  by  f-irite 
di £ f rrpn'- *>  method 
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KNOWN  SOLUTIONS  TO  ELASTIC  CASES 


BEAM  AND  LOADING 

SECTION 

SOLUTION  BT 

1 — 

— 

REMARKS 

MU 

I 

- -  - 

Austin 

Finite  difference 
method . 

>»  J< 

IT 

11 

(f'l) 

Pettersson  ' 

Dlff.  equation 
solution  (implicit). 

r*yy 

f  Mxx 

'  =%, 

| 

IT 

D  I 

Pettersson  ^  ^ 
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Diff.  equation 
solution  (implicit) 

_ _ J 
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T  T 
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1 

I  I 
0 

| 

✓67  n 

Pettersson v  * 

,  | 

1 

Dlff.  equation 
solution  (implicit), 
load  at  any  point. 
Experiments  also 
made . 
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-Jh 
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Pettersson  ^ 
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Dlff.  equation 
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Dlff.  equation 
solution  (implicit), 
lo**d  at  any  point. 
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KNOWN  SOLUTIONS  TO  ELASTIC  CASES 


BEAM  AND  LOADING 


SECTION  SOLUTION  BY 


REMARKS 


u**u"-0  u«*u"*0 


Zetlin 


(83) 


Masur 


(97) 


Winter 


(29) 


General  bending 
theory.  A  method 
presented  for  anaLyz 
ing  unsymmetr  ical 
sections . 


Non- 1 inear  6 train , 
energy  solution. 
Experiments  also 
made . 


Energy  solution. 


Diff.  equation 
solution . 


Diff.  equation 
solution . 


Energy  solution 
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KNOWN  SOLUTIONS  TO  ELASTIC  CASES 


BEAM  AND  LOADING  I 

SECTION 

B.  - - A 

SOLUTION  BY 

REMARKS 

t  - . 

?5pmirrrr* 

*Mxx 

u 

-  l 
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| 

1 

i 

Zuk(8o) 

Energy  solution 

f 

1 - 1  □ 

(67) 

Pettersson 

Difl*.  equation 
solution  (implicit) 

pl 

AW 

0 

Kerensky 

I  .  .  .  .  J 

Determination  of  the 
influence  of 
restraints . 

P  1 

— 

. 

Kerensky ^89) 

_ | 

Determination  of  the 
influence  of  re¬ 
straints  . 

V  -u,  ' 
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II  KNOWN  SOLUTIONS  TO  INELASTIC  CASES 


BEAM  AND  LOADING  SECTION 


coMLwpd 
Fl^milu*  •iiutlor 


SOLUTION  BY 

1  _ 

_  -  - j 

REMARKS 

Elastic-perfectly  plas¬ 
tic  material.  Strain 
reversal  considered, 
Eigenvalue  solution. 
Experiments  aluo  done 
in  (45). 

___ 

Neal<«> 

■4 - -  - -  ■  "1 
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1 
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El astie-strain-hardened 

naterlal .  No  strain 
reversal ,  Eigenvalue 
solution. 

1  | 

Home  ^h7) 

1  -  -  -  ,  - 

[  1  "  | 

Elastic-per £e.ctly  plas¬ 
tic  material.  Strain 
reversal  considered. 
Eigenvalue  solution. 
Experiments  also  made. 

-  -  —  —  | 

wt,ut(91) 

2  - - ^ 

Elastic -strain-hardened 
material .  General  load¬ 
ing,  no  strain  reversal. 
Eigenvalue  solution 
(finite  dl££.  method) 
Experiments  by  White v&) 
and  Serubbi'l*6). 

Calvrbo.  ^  1Q 

'Hu tic -perfectly  plas-^ 
tic  mat  l.  No  strain 
r«vf  t aal  .Eigenvalue  sol* 
Residual  stress  con- 
.sldcied.  j 

■on~(‘7) 

Elaat ic -perfectly  plas¬ 
tic  rvtertal,  ilral** 
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